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Stability and boundedness of nonautonomous
neutral differential equation with delay

Moussadek Remili∗, Linda D. Oudjedi

Abstract. We consider the nonautonomous neutral differential equa-
tion with delay[

p(t)
(
q(t)

(
x(t) + β1x(t− r1)

)′)′]′
+ a(t)

(
x′′(t) + β2x

′′(t− r2)
)

+b(t)
(
x′(t) + β3x

′(t− r3)
)
+ c(t)f(x(t− σ)) = e(t, x, x′, x′′).

Using the method of Lyapunov, we give conditions for the uniform as-
ymptotic stability and uniform boundedness and square integrability of
solutions for the considered system. Our theorems generalize and ex-
tend some related results known in the literature. Example is given to
show our results.

1. Introduction

In our paper, we study the asymptotic uniform stability of the nonau-
tonomous neutral differential equation with delay and coefficients of the
form [

p(t)
(
q(t)

(
x(t) + β1x(t− r1)

)′)′]′
+ a(t)

(
x′′(t) + β2x

′′(t− r2)
)

+b(t)
(
x′(t) + β3x

′(t− r3)
)

+ c(t)f(x(t− σ)) = 0,(1)

and the boundedness and the square integrability of[
p(t)

(
q(t)

(
x(t) + β1x(t− r1)

)′)′]′
+ a(t)

(
x′′(t) + β2x

′′(t− r2)
)

+b(t)
(
x′(t) + β3x

′(t− r3)
)

+ c(t)f(x(t− σ)) = e(t, x, x′, x′′),(2)

for all t ≥ t1 = t0+r, where r = sup{σ, ri}, βi are constants with 0 ≤ βi ≤ 1
and σ, ri ≥ 0 (∀i = 1, 2, 3).
p(.), q(.), a(.), b(.), c(.), e(.) and f(.) are continuous functions depending only
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on the arguments shown. In addition, it is also supposed that the derivatives
p′(t) and q′′(t) exist and are continuous.

By a solution of (2) we mean a continuous function x : [tx,∞)→ R such
that x(t) + β1x(t− r1) ∈ C3 ([tx,∞),R) and which satisfies equation (2) on
[tx,∞).

Several authors have investigated the uniform stability and boundedness
of solutions of certain differential equations of the third order. We can men-
tion in this direction, the works of Ayhan and Tunç [2], Graef et al. [10, 11],
Mahmoud [16], Omeike [17], Oudjedi et al. [18], Remili et al. [19]-[30], where
the second Lyapunov method was used. This problem for neutral differential
equations has received considerable attention in recent years, Baculíková [3],
Mihalíková and Kostiková [4], Das and Misra [5], Dorociaková [6], Došlá and
Liška [7, 8], Kulenovic et al. [15], Tian et al. [31], Li et al. [32], Yu et al.
[33], Yu Jianshe [34]. Many books dealt with the neutral delay differential
equation and obtained many good results, for example Arino et al. [1], Hale
[13, 14], El’sgol’ts [9].

However, to the best of our knowledge from the literature, by this time,
no attention was given to the investigation of the uniformly asymptotic
stability/ uniformly boundedness and square integrability in the systems of
nonlinear neutral differential equations of the third order with delay, using
the Lyapunov’s direct (or second) method, except the recent work in 2018
of Graef et al. [12].

Besides, this paper may be useful for researchers working on the qualita-
tive behaviors of solutions of third differential equations and completes that
in the literature. These cases show the novelty and originality of the present
paper.

2. Asymptotic stability

Suppose that there are positive constants a0, a1, c0, b1, p0, p1, q0, q1, l, L, δ,
d,M,A and B such that the following conditions are satisfied, ∀t ≥ t1 =
t0 + r:

J0) 0 < a0 ≤ a(t) ≤ a1, 0 < c0 ≤ c(t) ≤ b(t) ≤ b1,
0 < p0 ≤ p(t) ≤ p1, 0 < q0 ≤ q(t) ≤ q1;

J1) 2δp1q1 < d < a0, −l ≤ b′(t) ≤ c′(t) ≤ 0,
−L ≤ p′(t) ≤ 0, −L ≤ q′(t) ≤ 0;

J2) f(0) = 0,
f(x)

x
≥M > 0 (x 6= 0), and |f ′(x)| ≤ δ for all x;

J3) da′(t) + 2c0
(
p1q1δ(1 +

β1
2

)− d
)

+ (β2a1 + β3b1)(d+ Lβ1p1)

+β1p1
(
b1q1δ + b1L+ b1q1(1 + β1) + L(a1 − d)

)
+ b1β3n1 ≤ −A < 0;

J4) p0q0(2− β1)(d− a0) + p1q1
(
β1b1 + β2a1 + β3b1

)
(1 + β1)

+p1(a1 − d)
(
β1q1 + L(1 + β1)

)
+ a1β2n1 ≤ −B < 0,
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where
n1 = d+ p1(1 + β1)(L+ q1).

The equation (1) is equivalent to the following system

x′ = y

y′ = z(3)
(p(t)Z)′ = −a(t)z − β2a(t)z(t− r2)− b(t)y − β3b(t)y(t− r3)

−c(t)f(x(t)) + c(t)

∫ t

t−σ
f ′(x(s))y(s)ds.

For the brevity, we put

Y (t) = q(t)
(
y(t) + β1y(t− r1)

)
.

According to (3), we have

Y ′(t) = Z(t) =
[
q(t)

(
y(t) + β1y(t− r1)

)]′
= q′(t)

(
y(t) + β1y(t− r1)

)
+ q(t)

(
z(t) + β1z(t− r1)

)
.

Theorem 1. Assume that all assuptions (J0-J4) hold. Then, the zero solu-
tion of (3) is asymptotically stable if

σ < min

{
A

b1δ(2d+ p1(2L+ q1)(1 + β1))
,

B

b1p1q1δ(1 + β1)

}
.

Proof. Define a Lyapunov functional W (t, x, y, z) such that W (t, 0) = 0 and

(4) W = exp

(
− 1

ω

∫ t

t1

(|p′(s)|+ |q′(s)|)ds
)
V,

where

V = dc(t)F (x) + c(t)p(t)Y f(x) +
b(t)p(t)

2q(t)
Y 2 +

1

2
p2(t)Z2

+ dp(t)yZ +
1

2
da(t)y2 + ∆(t),(5)

such that

∆(t) = µ1

∫ t

t−r1
z2(s)ds+ µ2

∫ t

t−r2
z2(s)ds+ η1

∫ t

t−r1
y2(s)ds

+ η2

∫ t

t−r3
y2(s)ds+ λ

∫ 0

−σ

∫ t

t+s
y2(τ)dτds,

and F (x) =
∫ x
0 f(u)du. µi, ηi, ω and λ are to be selected below suitably. The

functional V defined in the equation (5) can be written in the form

V = c(t)

∫ x

0

[
d− 2p(t)q(t)f ′(u)

]
f(u)du+

c(t)p(t)

q(t)

(
1

2
Y + q(t)f(x)

)2
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+
b(t)p(t)

2q(t)

(
1− c(t)

2b(t)

)
Y 2 +

1

2

(
p(t)Z + dy

)2
+
d

2
(a(t)− d)y2 + ∆(t).

Since
∆(t) ≥ 0,

by (J0)− (J2), it follows that

V ≥ c0M

2
[d− 2p1q1δ]x

2 +
c0p0
4q1

Y 2 +
1

2

(
p(t)Z + dy

)2
+
d

2

(
a0 − d

)
y2.

Then, there exists k > 0 such that

(6) V ≥ k(x2 + y2 + Y 2 + Z2),

by (J0, J1), we conclude that

(7) W ≥ k0(x2 + y2 + Y 2 + Z2), k0 = ke
1
ω
(p0−p1+q0−q1).

The derivative of the functional V along the trajectories of the system is
given by

V ′ = ψ0(t) + ψ1(t) + c(t)ψ2(t) +

[
p(t)q(t)

(
d− a(t)

)
+ µ1 + µ2

]
z2

+

[
d

2
a′(t)− db(t) + c(t)p(t)q(t)f ′(x) + η1 + η2 + λσ

]
y2 − µ1z2(t− r1)

− µ2z
2(t− r2)− η1y2(t− r1)− η2y2(t− r3)− λ

∫ t

t−σ
y2(s)ds,

where

ψ0(t) = dc′(t)F (x) +

(
c(t)p(t)

)′
Y f(x) +

(
b(t)p(t)

2q(t)

)′
Y 2,

and

ψ1(t) = β1c(t)p(t)q(t)f
′(x)yy(t− r1) + β1b(t)p(t)y(t− r1)Z

− p(t)

(
β2a(t)z(t− r2) + β3b(t)y(t− r3)

)(
Z +

d

p(t)
y

)
+ p(t)(d− a(t))z

(
q′(t)y + β1q

′(t)y(t− r1) + β1q(t)z(t− r1)
)

ψ2(t) = (p(t)Z + dy)

∫ t

t−σ
f ′(x(s))y(s)ds.

If c′(t) < 0, the quantity ψ0(t) can be written as,

ψ0(t) = c′(t)

(
dF (x) +

b′(t)p(t)

2q(t)c′(t)

{
Y +

c′(t)q(t)

b′(t)
f(x)

}2

− c′(t)p(t)q(t)

2b′(t)
f2(x)

)
− b(t)p(t)q′(t)

2q2(t)
Y 2
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+ p′(t)

[
b(t)

2q(t)

{
Y +

c(t)q(t)

b(t)
f(x)

}2

− c2(t)q(t)

2b(t)
f2(x)

]
,

by (J0) and (J1) we observe that

0 <
c(t)

b(t)
≤ 1 and 0 ≤ c′(t)

b′(t)
≤ 1,

thus

ψ0(t) ≤ c′(t)

[∫ x

0

(
d− δp1q1

)
f(u)du

]
− b(t)p(t)q′(t)

2q2(t)
Y 2

−p
′(t)c(t)q(t)

2
f2(x)

≤ b1q1δ
2

2
|p′(t)|x2 +

b1p1
2q20
|q′(t)|Y 2.(8)

If c′(t) = 0, then

ψ0(t) = c(t)p′(t)Y f(x) +

(
b(t)p(t)

2q(t)

)′
Y 2

=
b′(t)p(t)

2q(t)
Y 2 +

b(t)p′(t)

2q(t)

[
Y +

c(t)q(t)

b(t)
f(x)

]2
− p′(t)

c2(t)q(t)

2b(t)
f2(x)− b(t)p(t)q′(t)

2q2(t)
Y 2

≤ b1q1δ
2

2
|p′(t)|x2 +

b1p1
2q20
|q′(t)|Y 2.(9)

Hence, on combining (8) and (9), we have

ψ0(t) ≤
b1q1δ

2

2
|p′(t)|x2 +

b1p1
2q20
|q′(t)|Y 2

for all t ≥ t1, x and Y .
From (J0), (J2) and applying the estimate 2uv ≤ u2+v2, it is not difficult

to proof the following,

ψ1(t) ≤
1

2

(
β1b(t)p1q1δ + p1|q′(t)|

(
β1b1 + β2a1 + β3b1 + (a1 − d)

)
+ d(β2a1 + β3b1)

)
y2 +

β1p1
2

(
b1q1δ + b1L(1 + β3) + b1q1(1 + β1)

+ β2a1L+ L(a1 − d)

)
y2(t− r1) +

(
p1
2

(
β1b1q1 + β2a1q1 + β3b1q1

+ L(a1 − d)(1 + β1)
)

+
β1
2
p(t)q(t)(a(t)− d)

)
z2 +

β1p1q1
2

(
β1b1
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+ β2a1 + β3b1 + (a1 − d)

)
z2(t− r1) +

β2a1
2

(
p1(L+ q1)(1 + β1)

+ d

)
z2(t− r2) +

β3b1
2

(
p1(L+ q1)(1 + β1) + d

)
y2(t− r3),

and

ψ2(t) ≤
δ

2

(
σ
[
(d+ p1L)y2 + β1p1Ly

2(t− r1) + p1q1z
2 +

+β1p1q1z
2(t− r1)

]
n1

∫ t

t−σ
y2(s)ds

)
.

By (J0) and (J1), we observe that V ′ can be replaced by

V ′ ≤
(
d

2
a′(t) + b(t)(p1q1δ

(
1 +

β1
2

)
− d) +

d

2
(β2a1 + β3b1) + η1 + η2

+ σ

(
λ+

b1δ

2
(d+ p1L)

))
y2 +

(
p0q0(d− a0)

(
1− β1

2

)
+ µ1 + µ2

+
p1
2

(
q1
(
β1b1 + β2a1 + β3b1 + b1δσ

)
+ L(a1 − d)(1 + β1)

))
z2

+

(
β1p1

2

(
b1q1δ + b1L(1 + β3) + b1q1(1 + β1) + β2a1L+ L(a1 − d)

+ b1δσL

)
− η1

)
y2(t− r1) +

(
β1p1q1

2

(
β1b1 + β2a1 + β3b1

+ (a1 − d) + b1δσ

)
− µ1

)
z2(t− r1) + ψ4(t) +

(
β2a1

2
n1 − µ2

)
z2(t− r2) +

(
β3b1

2
n1 − η2

)
y2(t− r3) +

(b1δ
2
n1 − λ

) ∫ t

t−σ
y2(s)ds,

where

ψ4(t) =
b1q1δ

2

2
|p′(t)|x2 +

p1
2
|q′(t)|

(
b1
q20
Y 2 +

(
β1b1 + β2a1 + β3b1

+ (a1 − d)
)
y2
)

≤ k1
(
|p′(t)|+ |q′(t)|

)(
x2 + y2 + Y 2

)
,

such that k1 =
1

2
max

{
b1q1δ

2,
b1p1
q20

, p1
(
β1b1 + β2a1 + β3b1 + (a1 − d)

)}
.

Let

µ1 =
β1p1q1

2

(
β1b1 + β2a1 + β3b1 + (a1 − d) + b1δσ

)
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η1 =
β1p1

2

(
b1L(1 + β3) + b1q1(δ + 1 + β1) + L(a1 − d+ β2a1 + b1δσ)

)
µ2 =

a1β2
2

n1 , η2 =
b1β3

2
n1 , λ =

b1δ

2
n1.

Now, in view of estimates of A,B and (6), this inequality becomes

V ′ ≤ 1

2

(
−A+ σb1δ(2d+ p1(2L+ q1)(1 + β1))

)
y2 +

k1
k

(
|p′(t)|+ |q′(t)|

)
V

+
1

2

(
−B + b1p1q1δσ(1 + β1)

)
z2.

We take ω =
k

k1
, thus

W ′ ≤ 1

2
exp

(
−k1
k

∫ t

0
(|p′(s)|+ |q′(s)|)ds

)((
−B + b1p1q1δσ(1 + β1)

)
z2

+
(
−A+ σb1δ(2d+ p1(2L+ q1)(1 + β1))

)
y2
)
.

If
σ < min

{
A

b1δ(2d+ p1(2L+ q1)(1 + β1))
,

B

b1p1q1δ(1 + β1)

}
,

then

(10)
d

dt
W (t, x, y, z) ≤ −δ1

(
y2 + z2

)
, for some δ1 > 0.

Thus, all the conditions of theorem are satisfied. This shows that the zero
solution of system (3) is asymptotically stable. The proof of Theorem 1 is
now completed. �

3. Boundedness

To study the boundedness of solutions of (2), we would need to write (2)
in the form

x′ = y

y′ = z(11)
(p(t)Z)′ = −a(t)z − β2a(t)z(t− r2)− b(t)y − β3b(t)y(t− r3)(12)

−c(t)f(x(t)) + c(t)

∫ t

t−σ
f ′(x(s))y(s)ds+ e(t, x, y, z).

For the next theorem, we impose the following conditions.

(13) |e(t, x, y, z)| ≤ h(t),

and

(14)
∫ t

t1

|h(s)|ds < D.
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Theorem 2. If all the assumptions of Theorem 1 and (13)-(14) hold, then
there exists a positive constant N such that any solution of (11) satisfies
(15)

|x(t)| ≤ N, |y(t)| ≤ N, |Y (t)| ≤ N, |Z(t)| ≤ N, ∀t ≥ t1 ≥ 0.

Proof. Along any solution (x(t), y(t), Z(t)) of (11), we have

W ′(11) = W ′(3) + exp

(
− 1

ω

∫ t

t1

(|p′(s)|+ |q′(s)|)ds
)(

dy + p(t)Z
)
e(t, x, y, z).

From (10), we obtain

W ′(11) ≤ K1 |h(t)| (|y|+ |Z|)

where K1 = exp
(
2k1
k (p1 + q1)

)
max {d, p1} . Now, the inequality (7),

|y| ≤ y2 + 1 and |Z| ≤ Z2 + 1, lead

W ′(11) ≤ K1 |h(t)| (y2 + Z2 + 2)

≤ K2 |h(t)| W (t) +K2 |h(t)| ,(16)

where K2 = max

{
K1

k0
, 2K1

}
. Integrating the above estimate from t1 to t,

t ≥ t1 = t0 + r, one can easily obtain

W (t)−W (t1) ≤ K2

∫ t

t1

|h(s)| ds+K2

∫ t

t1

W (s) |h(s)| ds.

Thus

W (t) ≤W (t1) +K2D +K2

∫ t

t1

W (s) |h(s)| ds.

Using Gronwall inequality, it follows that

(17) W (t) ≤ (W (t1) +K2D) exp
(
K2

∫ t

t1

|h(s)| ds
)
≤ D1,

where D1 = (W (t1) + K2D) exp
(
K2D

)
. This result implies that there

exists a constant N such that

|x(t)| ≤ N, |y(t)| ≤ N, |Y (t)| ≤ N, |Z(t)| ≤ N, ∀t ≥ t1.

This completes the proof of Theorem 2. �

4. Square integrability

Our next result concerns the square integrability of solutions of equation
(2).

Theorem 3. In addition to the assumptions of Theorem 2, if we assume
that
J5) c0M −

b1
2

(1 + β3) > 0.
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J6)

∫ +∞

t1

|a′(s)|ds < α.

Then all the solutions of (11) are elements of L2[t1,+∞).

Proof. Define U(t) as

(18) U(t) = W (t) + ε

∫ t

t1

(z2(s) + y2(s))ds, ∀t ≥ t1,

where ε > 0 is a constant to be specified later. By differentiating U(t) along
the solution of system (11) and using (10) and (16) we obtain

U ′(11)(t) ≤ (ε− δ1)
(
z2(t) + y2(t)

)
+K2

(
W (t) + 1

)
|h(t)| .

If we choose ε−N < 0, then from (17) we get

(19) U ′(11)(t) ≤ K4 |h(t)| ,

where K4 = K2(D1 + 1). Integrating (19) from t1 to t, and using condition
(14) of Theorem 2 we obtain

U(t)− U(t1) =

∫ t

t1

U ′(11)(s)ds ≤ K4D.

Using equality U(t1) = W (t1) we get

U(t) ≤ K4D +W (t1).

We can conclude by (18) that∫ t

t1

(y2(s) + z2(s))ds <
K4D +W (t1)

ε
,

which imply the existence of positive constants ζ1 and ζ2 such that∫ t

t1

x′′2(s)ds =

∫ t

t1

z2(s)ds ≤ ζ2

and ∫ t

t1

x′2(s)ds =

∫ t

t1

y2(s)ds ≤ ζ1.

By the fact that∫ t

t1

x′2(s− r1)ds =

∫ t−r1

t0+r−r1
x′2(u)du ≤

∫ t1

t0+r−r1
x′2(u)du+ ζ1 ≤ κ1 + ζ1,

and∫ t

t1

x′′2(s− r1)ds =

∫ t−r1

t0+r−r1
x′′2(u)du ≤

∫ t1

t0+r−r1
x′′2(u)du+ ζ2 ≤ κ2 + ζ2,

we deduce by using the estimate 2uv ≤ u2 + v2 and (J0), (J1), that∫ t

t1

Z2(s)ds =

∫ t

t1

(
q′(s)

(
x′(s) + β1x

′(s− r1)
)
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+ q(s)

(
x′′(s) + β1x

′′(s− r1)
))2

ds

≤ (1 + β1)(L+ q1)

∫ t

t1

(
L
(
x′2(s) + β1x

′2(s− r1)
)

+ q1
(
x′′2(s) + β1x

′′2(s− r1)
))
ds

≤ (1 + β1)(L+ q1)

(
L
(
ζ1 + β1(κ1 + ζ1)

)
+ q1

(
ζ2 + β1(κ2 + ζ2)

))
= ζ3.

We assert that
∫ t
t1
x2(s)ds < ∞, to prove this we multiply (2) by x(t − σ),

we obtain

x(t− σ)

[
p(t)

(
q′(t)

(
x′(t) + β1x

′(t− r1)
)

+ q(t)
(
x′′(t) + β1x

′′(t− r1)
))]′

+a(t)x(t− σ)
(
x′′(t) + β2x

′′(t− r2)
)

+ b(t)x(t− σ)
(
x′(t) + β3x

′(t− r3)
)

+c(t)x(t− σ)f(x(t− σ)) = x(t− σ)e(t, x, x′, x′′).(20)

Integrating (20) from t1 to t, we have

(21)
∫ t

t1

c(s)x(s− σ)f(x(s− σ))ds = ∆1(t) + ∆2(t) + ∆3(t),

where

∆1(t) = −
∫ t

t1

x(s− σ)

(
p(s)

(
q′(s)

(
x′(s) + β1x

′(s− r1)
)

+q(s)
(
x′′(s) + β1x

′′(s− r1)
)))′

ds,

∆2(t) = −
∫ t

t1

(
a(s)x(s− σ)

(
x′′(s) + β2x

′′(s− r2)
)

+b(s)x(s− σ)
(
x′(s) + β3x

′(s− r3)
))
ds,

∆3(t) =

∫ t

t1

x(s− σ)e(s, x(s), x′(s), x′′(s))ds.

Integrating by parts and using the estimate 2uv ≤ u2 + v2 we obtain

∆1(t) = M1(t)−M1(t1) +

∫ t

t1

(
p(s)q′(s)x′(s− σ)

(
x′(s) + β1x

′(s− r1)
)

+p(s)q(s)x′(s− σ)
(
x′′(s) + β1x

′′(s− r1)
))
ds
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≤ |M1(t)−M1(t1)|+
∫ t

t1

(
|p(s)q′(s)x′(s− σ)

(
x′(s) + β1x

′(s− r1)
)
|

+|p(s)q(s)x′(s− σ)
(
x′′(s) + β1x

′′(s− r1)
)
|
)
ds

≤ |M1(t)−M1(t1)|+
p1L

2

∫ t

t1

(
(1 + β1)x

′2(s− σ) + x′2(s)

+β1x
′2(s− r1)

)
ds+

p1q1
2

∫ t

t1

(
(1 + β1)x

′2(s− σ) + x′′2(s)

+β1x
′′2(s− r1)

)
ds,

where
M1(t) = −p(t)x(t− σ)Z(t).

We remark by (J0) and the inequalities (15) that

|M1(t)−M1(t1)| ≤ p1N2 + |M1(t1)| , for all t ≥ t1,

and∫ t

t1

x′2(s− σ)ds =

∫ t−σ

t0+r−σ
x′2(u)du ≤

∫ t1

t0+r−σ
x′2(u)du+ ζ1 ≤ κ3 + ζ1,

thus

∆1(t) ≤ p1N
2 + |M1(t1)|+

p1
2

(
(1 + β1)

(
(L+ q1)(κ3 + ζ1) + Lζ1 + q1ζ2

)
+ β1(Lκ1 + q1κ2)

)
= l1.

Similarly, we have

∆2(t) = −
∫ t

t1

(
a(s)x(s− σ)

(
x′′(s) + β2x

′′(s− r2)
)

+b(s)x(s− σ)
(
x′(s) + β3x

′(s− r3)
))
ds

= −a(t)x(t− σ)
(
x′(t) + β2x

′(t− r2)
)

+M2(t1)

+a(t)

∫ t

t1

x′(s− σ)
(
x′(s) + β2x

′(s− r2)
)
ds

+

∫ t

t1

a′(s)x(s− σ)
(
x′(s) + β2x

′(s− r2)
)
ds

−
∫ t

t1

a′(s)

[∫ s

t1

x′(u− σ)
(
x′(u) + β2x

′(u− r2)
)
du

]
ds

−
∫ t

t1

b(s)x(s− σ)
(
x′(s) + β3x

′(s− r3)
)
ds,
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where M2(t1) = a(t1)x(t1 − σ)
(
x′(t1) + β2x

′(t1 − r2)
)
. Using∫ t

t1

x′2(s− r2)ds =

∫ t−r2

t0+r−r2
x′2(u)du ≤

∫ t1

t0+r−r2
x′2(u)du+ ζ1 ≤ κ4 + ζ1,

and∫ t

t1

x′2(s− r3)ds =

∫ t−r3

t0+r−r3
x′2(u)du ≤

∫ t1

t0+r−r3
x′2(u)du+ ζ1 ≤ κ5 + ζ1,

then

∆2(t) ≤ a1

(
(N2 + ζ1 +

κ3
2

)(1 + β2) + β2
κ4
2

)
+ |M2(t1)|

+
b1
2

(1 + β3)

∫ t

t1

x2(s− σ)ds+
b1
2

(
ζ1(1 + β3) + β3κ5

)
+

∫ t

t1

(∣∣a′(s)∣∣ |x(s− σ)|
( ∣∣x′(s)∣∣+ β2

∣∣x′(s− r2)∣∣ )
+

∣∣a′(s)∣∣ [∫ s

t1

|x′(u− σ)|
(
|x′(u)|+ β2|x′(u− r2)|

)
du

])
ds

≤
(

(N2 + ζ1 +
κ3
2

)(1 + β2) + β2
κ4
2

)(
a1 +

∫ t

t1

∣∣a′(s)∣∣ ds)
+ |M2(t1)|+

b1
2

(
ζ1(1 + β3) + β3κ5

)
+
b1
2

(1 + β3)

∫ t

t1

x2(s− σ)ds.

Next

∆3(t) ≤
∫ t

t1

|x(s− σ)|
∣∣e(s, x(s), x′(s), x′′(s))

∣∣ ds
≤ N

∫ t

t1

|h(s)|ds

≤ ND.

By (21) and conditions (J0), (J2), we obtain

c0M

∫ t

t1

x2(s− σ)ds ≤
∫ t

t1

c(s)x(s− σ)f(x(s− σ))ds

≤ K +
b1
2

(1 + β3)

∫ t

t1

x2(s− σ)ds,

where

K = l1 +

(
(N2 + ζ1 +

κ3
2

)(1 + β2) + β2
κ4
2

)(
a1 + α

)
+ |M2(t1)|+

b1
2

(
ζ1(1 + β3) + β3κ5

)
+ND.
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Then [
c0M −

b1
2

(1 + β3)

] ∫ t

t1

x2(s− σ)ds ≤ K.

From condition (J5), it follows that
∫ t

t1

x2(s− σ)ds <∞, hence∫ +∞

t1

x2(s)ds <∞. This fact completes the proof of theorem. �

5. Example

We consider the following third order non-autonomous delay neutral dif-
ferential equation[( 1

10 + t2
+

3

10

)(( 1

20 + t2
+

4

10

)
(x(t) + β1x(t− r1))′

)′]′
+(

1

2π
arctan t+

25

4
)(x′′(t) + β2x

′′(t− r2))

+(
1

1 + t2
+ 5)(x′(t) + β3x

′(t− r3)) + (
1

4 + t2
+ 5)(22) [

7

10

(
x(t− σ) +

x(t− σ)

1 + x2(t− σ)

)]
=

sin t

1 + t2 + |x|+ |x′|+ |x′′|
.

Now, it is easy to see that for all t ≥ t1,
3

10
= p0 ≤ p(t) =

1

10 + t2
+

3

10
≤ 4

10
= p1,

−L = −0.021 = − 3
√

3

80
√

10
≤ p′(t) =

−2t

(10 + t2)2
≤ 0,

4

10
= q0 ≤ q(t) =

1

20 + t2
+

4

10
≤ 9

20
= q1,

−L = −0, 021 = − 3
√

3

80
√

10
≤ q′(t) =

−2t

(20 + t2)2
≤ 0,

6 = a0 ≤ a(t) =
1

2π
arctan t+

25

4
≤ 26

4
= a1,

a′(t) =
1

2π(1 + t2)
≤ 1

2π
,

5 = c0 ≤ c(t) =
1

4 + t2
+ 5 ≤ b(t) =

1

1 + t2
+ 5 ≤ 6 = b1,

7

10
= M ≤ f(x)

x
=

7

10
(1 +

1

1 + x2
) with x 6= 0, and |f ′(x)| ≤ 7

5
= δ,
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sin t

1 + t2 + |x|+ |y|+ |z|
≤ 1

1 + t2
= h(t), and∫ t

t1

|h(s)|ds < π

2
= D and

∫ t

t1

|a′(s)|ds < 1

4
= α.

It is straightforward to verify for all t ≥ t1, that

2δp1q1 = 0.504 < d < 6 = a0,

da′(t) + 2c0

(
p1q1δ

(
1 +

β1
2

)
− d
)

+ (β2a1 + β3b1)(d+ Lβ1p1)

+β1p1
(
b1q1δ + b1L+ b1q1(1 + β1) + L(a1 − d)

)
+ b1β3n1 ≤ −1, 7 < 0,

for d = 0.6 and βi =
1

10
,

p0q0(2− β1)(d− a0) + p1q1

(
β1b1 + β2a1 + β3b1

)
(1 + β1)

+p1(a1 − d)
(
β1q1 + L(1 + β1)

)
+ a1β2n1 ≤ −0.17 < 0,

c0M −
b1
2

(1 + β3) =
7

2
− 3

(
1 +

1

10

)
=

1

5
> 0.

All the assumptions of Theorem 3 are satisfied, we can conclude that
every solution of (22) are bounded and elements of L2[t1,+∞).
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