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Frames generated by double
sequences in Hilbert spaces

NARENDRA BiswAs*, CHETNA MEHRA, MAHESH C. JOSHI

ABSTRACT. In this paper, we introduce frames generated by double
sequences (d-frame) in Hilbert spaces and describe some of their prop-
erties. Furthermore, we discuss frame operators, alternate dual frames
and stability for d-frames.

1. INTRODUCTION

Throughout this paper, the notations H and F will intend for an infinite
dimensional Hilbert space and scalar field of real and complex numbers,
respectively. N, R and C have their usual meanings.

Definition 1 ([1]). A sequence {zy}nen in a Hilbert space H is said to be
a frame for H if there exist positive constants A\; and Ao such that

(1) Mzl <7 [z, a)? < doflz)?, =€ .

neN
The positive constants Ay and Ao are called the lower and upper frame
bounds respectively. If Ay = Ay, then {x, },en is said to be a tight frame
and if A\; = Ay =1, then {x, },en is called Parseval frame.

A sequence {z, }nen satisfying the upper frame condition, i.e.,

Dl ) < ol

neN
is called a Bessel sequence with Bessel bound As.

Here, we recall that every Bessel sequence in a Hilbert space is not nec-
essarily a frame. But by including some additional elements or by sparsing
the elements of such sequences one can convert these sequences into frames.
Considering this fact, recently Sharma et al. [8] tried to construct frames
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for the Hilbert spaces using such Bessel sequences which are not frames for
the given spaces. In fact, they gave the following definition.
Definition 2 ([8]). Let H be a Hilbert space and {zy;}i=1,2,..m, be a

neN
sequence in H, where {m,} be an increasing sequence of positive integers.

Then, {zn;}i=12,. m, is called an approximative frame for H if there exist

neN
positive constants A\; and Ay such that
Mn,
@ Mlel? < Jim 3@ )l < dallal? @€
i=1

The positive constants A1 and Ao are called the lower and upper approxima-
tive frame bounds, respectively. If Ay = Ao, then {z,,;}i=12..m, is a tight
N

ne
approximative frame and if Ay = Ay = 1, then it is called a Parseval approx-

imative frame. A sequence {,;}i=12, . m, is said to be an approximative
neN

Bessel sequence if righthand side of inequality (2) is satisfied.

Again, Sharma et. al. published a corrigendum [9] on the same paper (8]
with following statement:
“The paper [8] requires some clarifications, throughout the paper [8],

{Zn,iti=12, . m, is a sequence of special index in H such that z,; = zp41,,
neN
i=1,2,...,mp;n € Nand {o,i}i=12..m, s a sequence of special index in
neN
F such that o, = apt1,4, 0 =1,2,...,mp;n € N7

The idea of construction of approximative frame is quite interesting, but
there is some ambiguity in the definition of approximative frame and exam-
ples discussed in [8] and corrigendum [9]. We have the following dissensions
on the Definition 2 and examples given in [8]:

(i) Considering {xp i}ti=12..m, as a sequence then it contains same
neN

terms repeated infinitely many times. Hence, limy, o0 Y ooy [(Z, T i) |2
becomes unbounded.

(74) As considered by the authors in examples [8], n a fixed number and
my,, a function of n and the claim that the sequence satisfies the
equation (2) is contradictory.

(13i) Since, {m,} is an increasing sequence of natural numbers and from
the Definition 2, it is clear that m, is dependent on n such that
my, > n, hence in equation (2), lim,,_,~ implies m,, — co. Which is
also a contradictory statement in case of a sequence.

(tv) Considering {xy;}i=12,..m, & sequence of finite sequences, m, an

neN
increasing sequence depending on n, then the statement z,; =
Tpt14,%9=1,2,...,mp;n € N given in corrigendum [9] is again con-

tradictory because nth term, i.e., {l’nﬂj}i:l’lm’mn contains m,, terms
while (n + 1) term i.e. {Zng1,i}ti=1,2,.;mny, contains my,yq terms.
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Now, we discuss above infusions with the help of Examples (3.6) and (3.2)
of [8] and [9] in details.

Example 3.6 ([8]): “Let H be a Hilbert space and {e,} be an orthonor-
mal basis for H. Define a sequence {z,} by x, = f,n € N. Then it is
elementary to observe that {x,} is not a frame for H. Define a sequence
{x”’i}izl,&...,% in H by

neN
In1 = €1,
€2
Ipn2 = Tp3z= \[7
b 9 2
€3
Inda = Tpb = Tn6 = 7)
3
€n 9
T _ = x _ =-.-=zx =—, neN
n,n(n2 1)+1 nvn(n2 1) 42 n7n(n2+1) \/ﬁ’ €
. . . . 1
(i) Considering sequence {Zp;}i=12,.. m,. As given m, = %, hence
N

ne
forn=14i=1forn=2,1=1,2,3; forn=3,71=1,2,3,4,5,6
and so on. So the construction of the sequence is as:

{x1J7$2J7$227x23,$3J7$327x33>$3A7$357x3£7--w

Tn,1sTn,2,Tn3s---s T "("*1)_’_17 ceey xn "("+1) g }

)

€2 2 €3 €3 €3

*me”fffff

e 2 © & & & n }
BB VE VR
Here, the terms ey, \e} \6}, ... are repeated infinitely many times.

So, we can not find upper bound condition of equation (2). Hence,
the given sequence {%u}z 1,2,...m, 18 Not even an approximative

9Ly

nEN
Bessel sequence.

(ii) If we consider {zy;}i=12, . m, as a sequence of sequences, i.e.,
neN

(it s = {{er}, {el’f 7 }

neN

o553
el

’ f V2
then the (n 4 1) term of the above sequence will have (n + 1)
more terms than the total terms of n'* term. Hence the statement

given in |9] is erroneous. Further, it cannot be claimed that such
sequence is an approximative frame while only the infine’th term
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En €n+1

. €2 €2 e
of sequence, i.e., {el’ﬁ’ﬁ""’ﬁ""’\/ﬁ’\/nT-l"“

frame for infinite dimensional Hilbert space, which is already well
known as a frame.

} is a tight

Hence the claim by authors [8] that {z,;},_ , nwm+1) is a tight approx-
by P)

neN
imative frame is not a valid statement.

Example 3.2 (|9]): “Let H be a Hilbert space and {e, } be an orthonor-

mal basis for H. Define a sequence {yn ;}i=12,..2n by
neN

e, if i=1,2,...,n
’ er, if i >mn and r =17 modn.

Then the sequence {ynvi}izlg,,_’zn in H gives rise to a sequence {xnvi}izl,gw,zn
neN neN
in H such that

Inl1l = Tn,2 = €1,

Tp3 = Tpd = €2,

)

7
Tn2n—1 = Tp2n = €n, N e N.

Here, the claim by the authors [9] that {zy, ;}i=12... 20, hence {yniti=12.. 2n
neN neN
is an approximative frame with bounds A = 1 and B = 2, has following

dissensions.
Case 1. Considering a sequence {yn7i}i:1,27._,72n. The construction of sequence

neN
1S as:

{yn,i}izl,Z,...,Qn = {yl,la Y1,2,Y2,1, 92,2, 92,3, Y245 - - -y Yn,1,Yn2y - - -5
neN

Yn,2n, Yn+1,1, Yn+1,25 -+ -y Yn+1,2n+25 - - - }
={e1,€1,61,62,€1,€2,...,€1,€2, ..., €, €1,€2, ... Cnily... }.

So, as discussed in previous example, the sequence {yy i }i=12, . 2n 1S
neN
neither a Bessel sequence nor an approximative Bessel sequence.

Case 2. If we consider {y ;}i=1,2,. 2n as a sequence of sequences, then the
neN

(n41)*" term will have 2 more terms than the total terms of n'" term.
Which is again a contradiction to the statement given in corrigendum
[9]. Similarly, as in previous example, only the infine’th term of the
sequence {ym}i:l’g’&,,gn, ie.,

ne

{e1,€1,e2,€9,€3,€3,...,€n,€En, Ent1€ntl,--. |

is a frame for infinite dimensional Hilbert space H.
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The same is the case for Example 3.2, Example 3.3, Example 3.5 and Ex-
ample 3.6 in [8].

Considering the above discussions, it is concluded that the authors have
not been able to construct the synthesis operator, analysis operator, frame
operator for the entire terms of the sequence i.e., the results given in [8]
are erroneous. From the above discussion, if we consider limit for both the
suffices, then it becomes a case of double sequences.

Now, we define a new generalization of frame with the help of double
sequences and named it as d-frame.

The theory of double sequence and double series is an extension of single
or ordinary sequences and series. In 1900, Pringsheim [6] introduced the
concept of real double sequences and their convergence. A double sequence
is a function or mapping = : N x N — C and denoted by {;;}; jen or {x;;}.
The infinite sum of double sequence > x;; is known as double series. We

1,JEN
use following definition and concepts to define d-frame and to prove the
results on the properties of d-frame and frame operators.

Definition 3 ([4],[3]). A double sequence {z;;}; jen is said to be convergent
to [ in the Pringsheim’s sense if for every ¢ > 0 there exists N. € N such
that |z;; — [| < € whenever i, j > N, where [ is called the Pringsheim limit
of {ij}ijen-

A double sequence {z;;}; jen is said to be Cauchy sequence if for every
€ > 0 there exists N. € N such that |zp, — 5] < e for all p > i > N, q >
j>N..

The sequence of partial sums of double sequence {z;;}; jen is defined by

S = {Smn}tmnen, where Sp, = Z xi;, forall m,n e N.

3,j=1

If lim Sp, =, then the double series ) z;; is said to be convergent
m,n— 00 i,jEN

and vice versa. Also,

m,n
lim Sy, = lim g Tij = E Tij
m,n—00 m,n—00 4

i,j=1 i,jeN

If no such limit exists then the double series is divergent.
If every z;; is non-negative then ) z;; is convergent if and only if
1,JEN
{Smn}mmen is bounded above. For more details about double sequences
and series, see [5,7| and references therein.
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2. d-FRAMES

Definition 4. The double sequence {z;;}; jen in H is said to be a d-frame
for H if there exist positive constants Ay and Ay such that

) Mfel* < Tt Zl (@, 2i5)]> < Aala|?, for all z € H.
1,]=

The constants A; and A9 are called lower and upper d-frame bounds respec-
tively. If Ay = Ao, then {z;;}; jen is called tight d-frame, and if Ay = Ay =1,
then it is called Parseval d-frame.

Remark 1. A double sequence {z;;}; jen in Hilbert space H is called d-

Bessel sequence if it satisfies upper d-frame inequality i.e.

m,n
Jim > N ai)? < Xollz))?, for all w € H.
i,j=1

Remark 2. Let {y;};cn is a frame for Hilbert space H with lower and upper
frame bounds A\ and Ao, respectively. Then, we define a double sequence

{zijtijen as
)Y, 1=,
Tij = .
0, otherwise,
which is a d-frame for H with the same bounds A1 and \s.

Let {e;}ien be an orthonormal basis for H. Following examples vindicate
the Definition 4.

Example 1. Define a sequence {x;;}; jen by

€, =7,
Tij = .
0, otherwise.
Then {x;}; jen is a Parseval d-frame for H.

Example 2. Define a sequence {x;;}; jen by

€i, Z:]+17
e, g=1+1,
€, =17,

0, otherwise.
Then {x;;}; jen is a d-frame for H with d-frame bounds Ay = 1, Ao = 3.

We know that every Bessel sequence is not a frame always. One can
construct a double sequence from a given Bessel sequence, which becomes a
d-frame.
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Example 3. Given a sequence {z,} such that z, = %, for all n € N.

Then, {x,} is a Bessel sequence but not a frame for H because it does not
satisfy the lower condition of frame. Define a sequence {z;;}; jen in H by

Z11 = €q,
€2

€T21 = T2 = Ev

€3
T31 = T32 =T33 = —=,
V3

€n
Ipnl = Tnp2 =Tp3 = " = Tnn = ,
T

xy; =0, foralli<j.
Then, {z;;}i jen is a Parseval d-frame.

Example 4. The sequence {xz, },en such that z,, = e, +e,41, foralln € Nis
a Bessel sequence for H, but not a frame for H. Define a sequence {z;;}; jen
in H by

e +ej, t=jori=j+1lorj=1i+1,
Tij =
“ 0, otherwise,

which is a d-frame for H with lower and upper d-frame bounds A\; = 4 and
Ao = 8 respectively.

For the rest part of this paper, we define the space as

m,n
[2(N X N) = {{aij}@jeN Doy € F, m,lﬁrgoo Z |Oéij|2 < OO}
ij=1
Then (?(N x N) is a Hilbert space with the norm induced by the inner
product which is given by

m,n
({aij}ijen, {Bijtijen) = i > B,
ij=1
for all {a;}ijen, {Bij}ijen € 2(N x N).
Let {x;;}; jen be a d-Bessel sequence. Define operator T : [?(N x N) — H
as
T({aijtijen) = lim Z aijrij,  for all {ay;}ijen € [(2(N x N).

m,n—00 4
2,7=1
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If {xi;}i jen is a d-frame then operator 7T is called pre d-frame (synthesis)
operator and the adjoint operator T7* of T is called analysis operator for
d-frame.

Theorem 1. A double sequence {x;;}i jen in H is a d-Bessel sequence with
d-Bessel bound Mo if and only if the operator T is linear, well defined and
bounded with || T|| < VAs.

Proof. From the definition of 7, it is obvious that 7 is linear. Let {c;}i jen €
[%(N x N). For any m,n,m/,n’ € N with m > m/,n > n’, we have

mon m' m' n’
E Q5 — E Qijlij|| = <‘< E : QijLij — E : O‘ijxij’y>’>
||yH 1

ij=1 ij=1 ij=1 ij=1
m,n m’ n/
< sw (3l + Y lag(oo)
lvll=1\; = ij=1
m,n 1/2 , m,n 1/2
< sw (X la?) (X o)
lyll=1 N\ ;525 ij=1
m'n’ 1/2 1/2
(S o) (5 twn) )
3,0=1 1,j=1
1/2 m'n’ 1/2
A ((E ) (Er)).
i,7=1 i,j=1
m,n
implies that lim Z a;x;; exists. Hence, T is well defined.
m,n—o0 7] 1
Further,
1T {aijtijen)ll = ||Shlp1‘< ({aij}ijen), z))|
xX
= sup lim Qi
s WMK; o)
mn 1/2
< i N
. AQm};@w(Zl!%!)
7/7-7:

This implies that |7 ({;}ijen)|| < vV Aal[{cij}ijen)l, hence T is bounded
operator with || 7] < v/Ae.
Conversely, for any x € H, we have

(z, T({aijtijen)) = <$,m717igloo "21 Oéz'jfvzj>
1,]J=—
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m,n

= lim E i, x5

m,n—)oo = l]< ’ ,L]>
i,7=1

= <{<a:, Tij) bijeN, {Qj }m‘eN>'

Hence,
(4) T*(CC) = {<$,xi]’>}i’j€N, for all x € H.
Thus,

m,n

*k 2 : A2
IT* @I = tim > )]
ij=1
< Vgzl2

Hence, {x;;}; jen is a d-Bessel sequence with bound \s. O

Now, define d-frame operator S : H — H for d-frame {z;;}; jen by
Sx) = TT (z)
= T{{z,zij) }ijen)

m,n

= lim E (@, xij)xi;, forall x € H.
m,n—o00 4 |
,L?-]:

Since T and 7* both are linear, so S is also linear.

Theorem 2. S is bounded, self adjoint, positive and invertible operator.

Proof. |SI| = |TT*| < ITI < Az and §* = (TT*) = TT* = &.
Hence, S is bounded and self adjoint operator.
For z € H,

m,n
<S($), x) = < m,lﬁrgoo 'Zl<x, a:ij>a:ij, x>
)=

m,n

= lm > )l

ij=1
Using definition of d-frame, we have
M(Z(z),x) < (S(x),z) < Xo(Z(z),x), forall z e H.
Hence,
(5) MI <SS < T
Thus, S is a positive operator. Further,
Ay — A1
A2

Z-X\'8 < 7,
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implies ||Z — A\;'S|| < 1. Hence, S is invertible operator. O

Generalizing Theorem 1, if we take an extra condition i.e., operator T is
surjective then following theorem gives a necessary and sufficient condition
for a double sequence to be a frame

Theorem 3. A double sequence {x;}; jen in H is a d-frame for H if and
only if the operator T is well defined, bounded, linear and surjective.

Proof. 1t is clear from Theorem 1 that, the operator T is well defined,
bounded and linear. Since {j;};jen is a d-frame hence the d-frame op-
erator S = T T* is invertible(bijective) which implies 7 is also surjective.

Conversely, let T is well defined, bounded, linear and surjective.
From Theorem 1 it is already clear that {z;;}; jen is a Bessel sequence. Now
we prove the lower d-frame inequality.
Since T is surjective and 7™ is one-one operator, then the operator S =
TT* is invertible and positive.
For any a,b € H, [{a,b)| < |la| ||b]| (Cauchy Schwarz inequality).
Consider a = S~2 (x) and b = S2 (x), then

(872 (x),S2(x))] < [S72(x)|| |82 ()]

implies [(S2S72(z), z)| < (S™2(z), S 2 (x)) <S%(x),5%(:c)>%, from where

we get
22 < (S7M(2),2)? (S(),2)*.

Squaring both side and using Cauchy Schwarz inequality for (S~'z,x) we
have

" < 87 @) ]| (S(2), ).
Hence, since S is bounded,
|t < IS7H| fl]? (S(), z).
Finally,
sl < 8@ =TT @) = (tim 3 Goa)aya)

m,n—00 4
3,j=1

m,n
- el
ij=1

Hence {z;;}i jen is a d-frame for H. O

Now, we establish following result to characterize d-frames in terms of
bounded linear operators.
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Theorem 4. The image of a d-frame {z;;}; jen under a linear bounded
operator T on H is again a d-frame for H if and only if there exist a positive
constant A such that the adjoint operator T* satisfies

||T’"(3:)||2 > )\Hx||2, for all x € H.

Proof. Since T is a linear bounded operator hence T* is also linear bounded.
Taking T*(z) € H and using the definition of d-frame {x;;}; jen,
m,n
MIT @) < T S [ (@) ) < el T (@)
i,7=1
By the given condition, we get

Miflal < MIT*@)]* < tim S e TP
3,j=1

o[ T* (@) I* < Ao T2l

Thus {T(xs;)}i jen is a d-frame for H. Converse is obvious by the definition
of d-frame. O

IN

Remark 3. From Theorem 4, it is clear that image of a d-frame under a
linear bounded operator is always a d-Bessel sequence.

In the following theorem, we prove that one can also construct a d-frame
with the help of d-frame operator.

Theorem 5. For a d-frame {x;j}; jen with bounds A1 and Xy respectively
and d-frame operator S, the double sequence {S™1(xij)}ijen is again a d-
frame.
Proof. From equation (5) of Theorem 2, we have
MI <S8 < \T,

which implies

ML < STH<AIT
Taking inner product with x, we get

(6) Azl < (ST e ) < ATl

<8_1(x), z) = <8_188_1(33), )

— -1 . ul 3 .
B <S <m,lrlLIi>1<>o ‘Zl <S €, x23> 33U> s aj>
i,j=
B < hgl Z <x>8_1(1'ij)>5_1(1:ij)’x
T OOZ7]:1
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lim Z‘xS xw>‘

m ”I’L—>OO
1,5=1

Hence, by equation (6), {S™!(z;;)}; jen is a d-frame for H with lower and
upper bound )\2—1 and )\fl respectively i.e.,

@ Ul <t Y (S ) < A7l O

m,n—00
3,j=1

Remark 4. In above theorem, equations (6) and (7) show that S—1
d-frame operator for the d-frame {S™!(z;;)}; jen. And for any z € H,

m,n
. -1
= i 3 e = S o) )
7j Z?]:

Corollary 1. For a d-frame {zi;}; jen and operator S, {S™Y%(xi;)}i jen is

1/2

Parseval d-frame, where S™V/2 is square root of S71.

3. ALTERNATE DUAL d-FRAMES

In this section, we study alternate/canonical dual d-frame and its prop-
erties.

Definition 5. Let {;}; jen be a d-frame for Hilbert space H. A d-frame
{Zij}i jen is called alternate dual d-frame for {z;;}; jen, if for all z € H
m,n
T m}?lzgloo <$’ .ffij>.1'ij,
ij=1

Tr = Z <£L’,f1j>l’ij.

1,JEN

or

Remark 5. {S71(;;)}i jen is a special type of dual d-frame for {z;;}i jen,
called canonical dual d-frame.

Theorem 6. Let {Z;j}ijen be an alternate dual d-frame for a d-frame
{xij}ijen. Then, for every N x M C N x N and x € H,

2
> (aEy)wy

(4,))EN XM

= Y (@) (@ mg) — ‘

(i,j)ENex Me

8) Y. {wEy)(w ay) -

(i,§)EN XM

2

S (aEy)ay

(i,j)ENCx Me




N. Biswas, C. MEHRA, M. C. JOsHI 65

Proof. For x € H and N x M C N x N, define the operator Tyxas as

Tnsm(x) = Z (z, Lij)wij.

(i,j)ENx M

It is obvious that the operator Ty« () is well defined, linear and bounded.
And by the definition of dual d-frame, we have

Tnxym + Tnexme = 1.

Therefore,
Tnxm = TasrTnxm = (L= Troer) Tnx = Tesare( — Texare)
— T]{‘}CXME - T]:;CXMCTNCXMC-
Hence,
2
Yo (@) — || Y (@ Fg)ay
(,))ENXM (6,j)EN XM

= (Tnxm(z), 2) — (Tuxm Tnxm (), )

= (Tnexare(®), ) = (Tnexpre TNexme (2), @)

= (x, TNexme(®)) — (Tvexme (), Tnexnre ()

= > (wEy) () - S (w i)y

(i,j)ENex Me (i,j)ENex Me

2

O

Remark 6. Every Parseval d-frame is dual d-frame of itself. Hence identity
(8) becomes

2
Yo Mz —| D (zay)wy
(,))ENXM (4,5)EN XM
2
= Z ’<33’5Uij>|2 - Z (, @ij)Tij
(i,)ENexMe (i,j)ENex Me

Which is called Parseval d-frame identity.

4. STABILITY OF d-FRAMES

In this section, we study the stability of d-frames, which is similar version
of Paley-Wiener Theorem for frames [2|. Also, we prove similar results for
the stability of canonical dual d-frame.

Theorem 7. Let {x;j}ijen be a d-frame with lower and upper d-frame
bounds A1, Ay respectively, and {y;;}ijen be a double sequence in H such
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that 3 A, pp = 0 with <)\—|—\/‘;\—1> <1 and

m,n m,n
S ‘Zl aij(wig —yig)| <A lim -21 aijrij|| + pl{eiijenll;
Z’J: Z?]:

for all {ij}ijen € [2(N x N).
Then, {yij}ijen is also a d-frame for H with lower and upper d-frame

2 2
bounds A\ <1 - ()\ + \/%)> and Mo <1 + A+ \/MX> respectively.
1 2

Proof. Given {z;j}; jen is a d-frame for H. Let T be the pre d-frame oper-
ator. From Theorem 1, we have

(10) T ({eijbigen)|l = . ‘21 azij|| < Vs [{aijbijenl,
1,]=
for {Oéij}i,jeN S [2(N X N)

For the given double sequence {y;;}i jen, we have

m,n m,n m,n
TN ) SP IR ) oUW NI ) SRS
ij=1 ij=1 i.j=1
m,n
< @A+ lm ‘Zl aijij)| + p|{eigtigen|-
1,)=
By equation (10), we get
m,n
iy - lm .Zl iyl < ((L+ VA2 + ) {ai }igenl-
Z?]:

Now, define an another operator U : [?(N x N) — H as

m,n
U{aitigen) = Tim Y aiyyy.
’ ij=1

So, for m > m/ and n > n/, where m,n,m’,n’ € N, we have

m,n m'n’ m,n m'n’
§ az’jyzj*E QijYij|| < g QijYig|| + E QijYij

3,j=1 3,j=1 1,7=1 4,j=1
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Using (10), we get

m,n m'.n’
> iy — Y agyi| <200+ NV + w)l[{e i genl.

ij=1 ij=1

Since {a;}ijen € [2(N x N), hence sequence of partial sums of
m,n

m,n
lim Z a5 1s Cauchy, i.e.  lim Z ;Y45 exists. Which implies
m,n—oQ 7] 1 m,n—0o0 ; 7J 1

12 Ut < (<1+A>\@+u) ool

Therefore, operator U is linear, well defined and bounded. Thus, by Theo-
2
rem 1, {y;;}i jen is a Bessel sequence for H with bound Ao (1 + A+ \/%)
2

ie.,
(13) ml'rlLIl)loo ;1 | Yij, T >\ <A <1 N @)

Now, using 7 and U in equation (9)

(14) 1T ({eij}ijen) —U({aistijen)| <
AHT({aij}i,jeN)H + MH{Oéij}i,jeNH-

By Theorem 5, we know that S = 77" is a d-frame operator for {z;;}; jen
with upper bound )\1_1.

Again, consider 71 :H — (N x N) as

Ti@) = THTTH '(x)
= {<:c, (TT*)fl(xij)>}i’j€N, for all z € H.

So,

1T @)|* = mlgrng! “aig))|*

i,j=1
, forall x € H.

IN

Al_le

Put {a;;}ijen = T1(z) in equation (14), we get

|z —UT ()| < ()\ + ) llz||, forall x € H.
| e I
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Given that, <)\ + \/#X> < 1. Therefore, UT T is invertible and
1

1

— e
(r+ )

I _
ATH <1+ + Vot IUThH =) <
1

For x € H,
r = UTHUT) L(z)
= dim ST @), (TT) )i
' i,j=1
This implies
2 - ~ Y1 =1 VN (o
Jol? = (z,2) = \m}gmzl«W) (@), (TT) (i) Y )
1,]J=—

Squaring both sides, we get

2
4 N * S ..
lz]|* = 'mlﬂm Zl<U7“f ), (TT*)™ (%)><yw,x>
i,
S N Gl Y[
1,j=1
< 1 1 2 i ) . y
= )\71 u QH‘rH m%r_rgoo ‘Z_l‘<yz],x>| y or all x € )
(-0 ) =

Therefore,

05 a1 (v L)) el <t 3 )

i,7=1

From (13) and (15), we have {y;;}i jen a d-frame for #. O

Following lemma is used to study stability theorem for canonical dual
d-frame.

Lemma 1. Let {l’z‘j}i,jeN be a d-Bessel sequence in H with d-Bessel bound
B. Then for any {cij}ijen € [*(N x N),

2
Z cijrij|| < B Z |Cij|2~

i,jEN i,jEN
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Proof. For any {c;j}ijen € [%(N x N), we have

2 2
Z CijTij = Sup < Z C,’jl‘i]’,x>
i,jEN lell=11\ § Gen
2
= 8sup Z cij(Tij, )
[|lz||=1 i,jEN
2 2
< sup Y ey D [wij, @)l
l211=15 jen i.jEN
< B eyl O
i,jEN

Theorem 8. Let {xi;}ijen and {yij}ijen be d-frames for H with (A, p1)
and (Ag, p2) as respective lower and upper bounds. And let {Z;;}; jen and
{ij}ijen are their respective canonical dual d-frames.
(¢) If {xij — yij : i,j € N} is a d-Bessel sequence with bound 3, then
{Zij — ij 4,5 € N} is also d-Bessel sequence with bound

11,
B(>\1+>\2+)\22M22>

A1p
(i) If

5 W= X g )| < allol, for aito e

1,JEN 1,jEN
then

~ ~ v

ICTIEDY |<y@-j,a:>\2\ < =l for allw € H,
i,jEN i,jEN 14

where v is a real positive number.

Proof. Let S and T are d-frame operator for {z;;}; jen and {y;;}ijen re-
spectively. Then, for x € H

S(x) = Z (z,zij)zi; and  T(z) = Z (T, Yij) Yi-
1,7EN i,7EN
Since {Z;;}: jen and {¥ij}ijen are canonical dual d-frames, so {Z;;}i jen =
{87 (wij) }igen and {Fij}ijen = {17 (yis) ijen.
(i) Given that {z;; — yi; : 4, € N} is a d-Bessel sequence with bound
B. So,

IS(z) =T ()| =

> <<$7l‘ij>$z‘j - <$ayij>yij> H

i,jEN
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< +

Z (T, Ti5 — Yij) Vi

1,JEN

> (awig) (i — vig)

4,7EN

Using Lemma 1 we get

1/2 1/2
15() - T(@)] < 61/2< S e, xij>|2) n pé”( S J(a iy yz-j>|2>

i,JEN 7,7 EN
< 82005 + ).
Hence,
IS — Tl < 820 + 1),
and
IS =T Y = T 1T - 8)S7Y|
< | THIIT - SIS~

T 1o 12 172
< — B2\ 4 ).
> )\1M16 (A fo'")

Now, we prove that {Z;; — 7;; : i,j € N} is a d-Bessel sequence.

> W — gy 2)® = Y WS Hwy) = T M), o)

i,jEN i,jEN
= > @i, 87 (@) — (@i, T ()
i,jEN
(16) + (i, T H@)) = (yiy, T ()
= iy, (ST =T @) + (@i — vy, T @)
i,jEN

For right hand side calculation, we have

Y i, (STH =T D@ < Xl =T D))

(17) i,jEN \
2 1/2 1/2\2 2
< 52,280 Pl
and
_ _ B
(18) D Wiy =iy, T H@)P < BIT @)1 < Sl
i,jEN H1

Using equation (17) and (18) in equation (16), we get

101
3.2\ 2
§ :|<5JU—Z]U,SE)|2§5<)\1+)\2+)\22u22> ||$||2
4,JEN /\lﬂl
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(77) Since both S and T are self adjoint, we have

IS =TI = sup (65 = T)(e).2)
- ||s1nlglw<s<x>,m> (T (). )]
= Ssup Z | Tij, T Z | Yij, T ‘
ll=]]=1 4,JEN 7,7 EN
< v
and
1
StT-771 < —.
u I < £

We have 7;; = S71(z;5), so

Z |<.i'ij,l‘>’2 = Z |<S_ xz] Z ’ 33'2],8 .7,‘

i,jEN i,jEN i,jEN

= (8§7H(2),87 () = (2,87!(x)).

Similarly,
> i o) = (&, T ().
1,jEN
Hence,
PG \(gij,x)F‘ = (2,87 (2)) — (&, T }(x))]
i,jEN i,jEN

< IS =TIl

! 2
< —||x||”. O
— )\1 1 || ||

5. CONCLUSION

The paper introduces frames generated by double sequences in Hilbert
spaces and named as d-frames. Some of the properties of d-frames, frame
operators, alternate dual d-frames and stability for d-frames are also dis-
cussed in details. Applications of d-frames in other areas of study, specially
in signal processing, can be considered as future scope of the work.
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