MATHEMATICA MORAVICA
VoL. 4 (2000}, 93-98

SOME FIXED POINT THEOREMS FOR
MULTI-VALUED MAPPINGS ON REFLEXIVE
- BANACH SPACES

Valeriu Popa

Abstract. Some fixed point theorems for multi- valued mappings
satisfying an implicit relation which generalize the main results from [1]
are proved.

1. Introduction

Let (X, d) be a metric space. We denote CB(X) the set of all non-empty
bounded closed subsets of (X, d) and by H the Hausdorff-Pompeiu metric on
CB(X)

H(A, B) = max { sgg d(z, B), sgg d(z, A)}

where A, B € CB(X) and d(z,A) = inf{d(z,y) : y € A}

Let T : (X,d) — (X,d) be a multi-valued mapping. Denote ®(T) =
{r € X; z €Tz}

The purpose of this paper is to prove some fixed point theorems for
multi-valued mappings satisfying an implicit relation which generalize the
main results from [1].

2. Implicit relations

Let Fs be the set of all real continuous functions F(t1,... ,te) : Ri — R
satisfying the following conditions:

F1 1 F'is non-decreasing in variable ¢; and non-increasing in variables
ts and ts;
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F: there exists h € (0,1) such that for every u > 0, v > 0 with
(Fo) : F(u,v,v,u,u+v,0) <0or Fy: Fu,v,u,v,0,u +v) <0

we have u < hv

Bx.1[2]. Fltr,... tg) = t1 — kmax {tz,tg,t4, %(t5 + ts)}

where k € (0,1).

Ex2[2].  F(t1,...,ts) =t — cimax {t3,¢3, t3 } —co max{tsts, tats} — cststs,
where ¢; > 0;¢9,c3 > 0 and ¢ + 2¢p < 1.

Ex.3[2]. F(t1,... ,tg) = t3 — t1(aty + bty + cty) — dtsts

where a > 0;b,¢,d >0 and a+b+c < 1.

Ex.4[2]. F(ti,... te) = t3 — at?ty — btytsty — ctite — dist

where a > 0;b,¢,d > 0 and a+ b < 1.

Ex.5[2]. Flts, ... tg) = £2 — at? — b%%

where 0 < a < 1 and b > 0.

3. Main results

Definition 1. A set valued-mapping T : X — CB(X) is said to have
property (B) if the contractive condition defined on T enables us to construct
a sequence {xp} for which d(z,,Tz,) — 0 asn — oo.

Theorem 1. Let X be a reflexive Banach space and T a multi-valued

mapping of X into the family of non-empty weakly compact subsets of X such
that

(1) F(H(T:v,Ty),d(x,y),d(:z:,Tz),d(y,Ty),d(:c,Ty),d(y,T:c)) <0

for all z,y € X and F € Fg. Then T has property (B).

Proof. Let g be an arbitrary but fixed element of X. Choose z; € Tzg
such that d(z,,z1) = d(zo, T'zp). This is possible because Tz is a non-empty
weakly compact subset of a reflexive Banach space, hence it is proximal [3, pp.
76]. Inductively we choose z,, € Tz,_1 so that d(zp_1,2n) = d(zp_1, TTn-1)-
Now

F (fI(TIn; T-'L'n+l), d(iL‘n, xn—i—l), d(l‘n, T-Tn)) d($n+1)

T-'En-‘r-l), d(.’L‘n, Tl'n—}-l)a d($n+la Tmn)) S 0
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which'implies suecesivelly ¢ o oad R RS
\ﬁ ﬁ<d(mn+1;Txn+l) d(xn,xn+1) (xnnycn) ($n+l)Txn+1) |
d(xn,$n+1),d(In+1,T£L'n+1), ) <0
| B Ton) + d(@n i, T 1),0) <0
By (F,) we have d(zn+41, TZn+1) < hd(2n, Tzy) foreach n =0,1,2,.
From this is‘obvious that d(zai1,T%n41) < h"+1d(a:g,T0) and convergently
d(zyn, Tzn) — 0 as n — oo.

' Corollary 1. [1] Let X be & reflexive Banach space and T a multi-
valued mapping of X into the family of non-empty weakly compadct subset of
X such that , i 1§ : ; ;

i
©) H(T,Ty) < o {d(o,y), dlo, To),dy, Ty), 310, Ty) + dly, T

for all z,y € X. Then T has property (B).
Proof. It follows from Theorem 1 and Ex. 1.

Theorem 2. Let. X be a reflezive Banach space and let T be a multi-
valued mopping of X into the family of all non-empty weakly compact subests
of X which satisfies-(1). Then T has a fized point in X. '

Proof. By ‘Theorem 1 there exists a ‘sequence {z,} € X for which
d(mn+1, Txni1) < hd(wn,To:n) for each n. Then by a routme calculation can
show that {azn} is a Cauchy sequence in X. -

‘ Let {xn} converge tope X Now by ( ), we have

F(H(Tp,Twn_l),d(p, Fnih), BV TR) d@hory Tonit); d(p,Txh 1)
(g 1,Tp))'< ot
F(dp,a) Ap,in1), A0, T, A 1100), 50 +
| | +d(a:n,chn ; d(mn_1, T))<o
Lettlng n — oo we obtain by contmmty of F that
(d(p Tp),0,d(p, Tp), 0,0 d(p,Tp)) <0

which 1mphes by (Fb) that d(p,Tp) —,0 Slnce Tp is closed thls shows that
» € Tp.
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Corollary 2. [1] Let X be a reflexive Banach space and let T be a
multi-valued mapping of X into the family of all non-empty weakly compact
subsets of X which satisfies (2) for all x,y € X. Then T has a fized point in
X.

Proof. It follows form Theorem 2 and Ex. 1.

Theorem 3. Let T1,T5 : (X,d) — CB(X) be two multi-valued map-
pings . If
(3) F(H(Ti2,Th), d(z,y),d(z, Ty2),d(y, Toy), d(z, Toy), d{y, T1z) ) <0
holds for all z,y € X, where F € Jg and ®(z1) # 0 or ®(T) # 0, then
(1) = $(T3).

Proof. If u € ®(T1), then by (3) we have

F (H(Tlu7 TZU)v d(ua ’U,), d(uv Tl u); d(ua T2u)7 d(ua TQU’)a d(u’ Tl“)) <0.

By d(u, Tou) < H(Thu,Tou) and (F1) it follows that
F( d(u, Tyu), 0,0, d(u, Tou), d(u, Tow), 0)) <0

which implies by (F,) that d(u,T%) = 0. Since Thu is closed this shows that
u € Thu which implies &(T7) C ®(T3). analogous, ®(12) C ©(77).

Theorem 4. Let X be a reflexive Banach space and T1 and Ty be multi-
valued mappings of X into the family of all non-empty weakly compact subsets
of X. If inequality (3) holds for all z,y € X, where F € F, then (T1) and
(T7) have a common fized point and ®(T7) = ®(13).

Proof. Let ¢ be an arbitrary but fixed element of X and chose z; €
Thzg and zp € Tz so that d(zg, z1) = d(zg, Tezo) and d(z;, 22) = d{z1, T1z1).
Inductively, for n > 1 we choose z2,+1 € Txo, and Tonio € 719,41 SO that
d(Zon, Tont1) = d(@on, Tozon) and d(zont1, Tont2) = d(zont1, T1zont1). The
existence of such points is guaranteed by the proximality of sets Tyz and Thx.
Now, by (3) we have

F (H(T1$2n+1, Toont2), d(Zant1, Tont2), A(T2nt1, T1Zon+1), d(Tont2,

Toxont2), d(Zont1, To%on+2), d(z2nt2, T1 $2n+1)) <0
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Hence we have successively
F (d($2n+2, Toxon+2), A@on+1, T2n+2), HZ2nt1, T1T2nt1),
d(zont2, ToTant2), A(Tan+1, Tantz) + A(Tan+2, TaTon+2),0) < 0,
E (d($2n+2, Tozont2), A(T2n+1, Tant1), ATant1, T1%2n41),
d(z2n+2, ToZont2), A(@2n+1, T1Ton+1) + d(T — 21 + 2, Tozon42), 0) <0.
which implies by (F,) that
d(xon+t2, Tozont2) < hd(Zont1, T1%2n11)-
Similarly, by (F}), we have
d(@2n+1, T1%2041) < hd(T2n, ToT2n).-

By a routine calculation we have that {z,} is a Cauchy sequence in X. Let

{z,} converge to p € X. By (3) and (F1) we have successively
F (H (Tyz2n+1, T2p), d(T2n+1, ), d(@2n+1, T1%2n41),
d(p, Top), d(z2n+1, Top), d(p, Th 372n+1)) <0
F<d($2n+2, Typ), d(*2n+1, ), AT2n+1, Tan+2),

d(p, Top), d(zon+1, T2p), d(p, x2n+2)) <0
Letting n — oo we obtain by continuity of (F') that
F (d(p, T»p),0,0,d(p, T>p), d(p, T2p), 0) <0
which implies by (F,) that d(p, Top) = 0. Since Top is closed, p € Typ. Thus
p € ®(13). By Theorem 3 ®(T71) = &(13).
Corollary 3. [1] Let X be a reflexive Banach space and S and T be

the mappings of X into the family fo all non-empty weakly compact subsets
of X. If for each x,y € X there exists h € (0,1) such that

(4) H(Se,Ty) < hmax {d(z,y), d(z, Sz),d(y, Ty),

% [d(:v, Ty) + d{y, Tx)] }

then there erists a common fized point for S and T.
Proof. It follows from Theorem 4 and Ex. 1.

Theorem 5. Let X be a reflexive Banach space and let {T,,} be a se-
quence of multi-valued mappings such that {T,} maps X into the family of all
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non-empty wakly compact subsets of X. If for edchszyp &X and for positive
integer i :

)R -F-.(_H. K?’é%%ﬂy>ead<ﬁy>’C%(?vi“zi@\z%%sz>v-jg.

& Tiay), dy, T, «1?5,))7 S0

where F.'}"q, then ther sequence. {T } have @ common. ﬁwed pomt and <I>(T1) =
(T, ) forn = 2 3,.

Proof. It follows from Theorems 3 and 4.

Corollary 4:'' [i]:"Let X bé o ‘reflecive’ Bantch Spate and let {T,} be

a sequence of multi-valued mappings such that each{T} mdps-X into: the

family of all non- empty weakly compact subsets of X [f for each z,y € X

and for posztwe mtegers P and] ’

AR Rt

a3 L gh) ¢a esilqurd goldw

b odsds avad

© H(Taﬂ;y) '<hmax{ (2.9, 4@ T52), W Ty o

5 lae Ty g T b

where h € (0,1), then there is a camymon fized point for Ty
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